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Let define the joint survival function of S and T via a copula function:
S(s,t) =P(S 25T >t)= O(Uav)|u:ss(s)ﬂ,:sj-(t) )

where Sg(-) = P(S > s) and Sp(-) = P(T > t) are the marginal survival functions of S and T
In the case of possibly right-censored data, the individual contribution to the likelihood is

e S(s,t) = C(u,v)|g(s),55() if S 1s censored at time s and T is censored at time ¢,
o —25(s,t) = %C(um)‘ss(s)’sﬂt) fs(s) if S is censored at time s and T = ¢,
. —%S(s,t) = % C(u, )| g4(s), 57y fr(t) if S =5 and T'is censored at time t,

2 2
° %S(s,t) = —QSGUC’(U,U)

$)fi(t)if S=sand T =t.
Ss(s),St(t) fS( )ft( )

Clayton copula
The bivariate (Clayton| [1978] copula is defined as

Clu,v) = (u? +v7 - 1)71/9 , 6 > 0.

The first derivative with respect to w is

P 140
—C(u,v) = (u+v?—1) 7 u~ (119

du .

u

The second derivative with respect to v and v is

0? C(u,v)' 20
-1 v
au(%C(u,v) (1+6) (uv)1t?
The Kendall| [1938]’s tau for the Clayton copula is
0
T2
Plackett copula
The bivariate [Plackett| [1965] copula is defined as
B [Q _ RI/Q}
C(U,U)—ma 9>0,
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with
Q=14+0-1)(u+v),
R=Q%—40(0 — 1)uv.

Given that
0
@=L
aER:2(9—1)(1—(9+1)v+(9—1)u),
U

the first derivative of C'(u,v) with respect to u is

0 1 1—(@+1v+(0—-1u
%C(u, v) = 5 [1 — 7
1 1 Q — 20v
T2 RUZ |
By defining
f=1=0+1Dv+ (0 - 1)u,
g:R1/2
and given that
0
A
, 0 0—1

then, the second derivative with respect to u and v is

0 _ _fla—fd
auavc(“’“) T 22
= —%[1 +O0 - (utv-— QUU)}
0
=T [Q —2(6 — l)uv}.

The Kendall’s tau for the Plackett copula cannot be computed analyticaly and is obtained numerically.

Gumbel-Hougaard copula

The bivariate Gumbel [1960]-{Hougaard, [1986] copula is defined as
Cluv)=exp (= Q7). 0e(0,1),

with
Q= (—Inuw)"? + (—Inv)¥/?.
Given that o1
0 —Inwu)"/7"
9 (vt
ou Ou
then, the first derivative with respect to u is
0 —1 1/6—-1
70(“7 U) = (Lc(ua W)Q071

ou U
and the second derivative with respect to u and v is

92 [(—lnu)(—lnv)
auavc(”’ v) = uv

1/6—1

1
0—2
C(uﬂ U)Q |:9

The Kendall’s tau for the Gumbel-Hougaard copula is
T=1-4.
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